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Self-phase modulation of spherical gravitational waves
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Self-phase modulation of spherical gravitational wave packets propagating in a flat space-time in the pres-
ence of a tenuous distribution of matter is considered. Analogies with respect to similar effects in nonlinear
optics are explored. Self-phase modulation of waves emitted from a single source can eventually lead to an
efficient energy dilution of the gravitational wave energy over an increasingly large spectral range. An explicit
criterion for the occurrence of a significant spectral energy dilution is established.
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I. INTRODUCTION

It is well known that Einstein’s equation describing grav
tational waves is strongly nonlinear@1,2#. Nonlinear wave
processes similar to those observed in optics can then e
tually occur. Recently, the possible occurrence of self-ph
modulation, harmonic generation and nonlinear wave mix
was considered@3,4#.

This is an important issue in two different respects. Fi
from a theoretical point of view it is important to explore an
understand the similarities and differences between grav
tional wave phenomena and well known effects in nonlin
optics that have been tested in the laboratory. Second, an
more practical terms, it is important for the possible det
tion of gravitational waves. Detectors have been desig
and built under the assumption that the frequency spect
of gravitational waves emitted by astronomical objects
conserved, and that the wave intensities decrease as th
verse of the square of the distance. However, nonlinear
cesses can eventually lead to spectral energy dilution s
that the energy density received within the detectable
quency bandwidth is significantly decreased. Other proce
eventually contributing to energy dilution could be the co
pling with plasma waves@5# and with photons@6,7#.

For waves emitted from a single astronomical source,
main nonlinear effects that can occur are self-phase mod
tion ~for short pulses, of the order of a few cycles! and har-
monic cascades~for longer pulses!. Attention was however
called to the fact that, for parallel propagation, the stro
nonlinearities associated with empty and flat space-time
actly cancel each other@4#. The existence of such a negativ
result is apparently due to the absence of gravitational w
dispersion. Only antiparallel wave configurations, which
not very relevant to waves emitted by single sources,
eventually survive@8#.
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In this work, we return to the problem of parallel wav
interactions. We will focus on self-phase modulation
spherical waves emitted by isolated sources. For simplic
we will consider a flat space-time, filled with a tenuous d
tribution of matter~interstellar medium, dust clouds, etc.!.
The matter distribution will guarantee the existence of wa
dispersion, which is an important ingredient of self-pha
modulation in nonlinear optics@9,10#. The nonlinear wave
equation is established in Sec. II, and the dispersion pro
ties of linear waves are discussed in Sec. III. Nonlinear e
lution of a spherical gravitational wave packet is studied
Sec. IV, where a necessary criterion for the occurrence
significant amount of self-phase modulation is establish
Finally, in Sec. V we state the conclusions.

II. NONLINEAR WAVE EQUATION

We consider propagation of small amplitude gravitation
waves, in a region of space-time where we have only a v
tenuous distribution of matter, characteristic of the inters
lar medium. We can then, in a first approximation, negl
the background field curvature, which is important only in
small region around the wave emitter and will not signi
cantly influence the nonlinear process.

We are considering a flat space-time, perturbed by a sm
amplitude gravitational wave. This can be described by
metric tensor elements

gi j 5h i j 1hi j , ~1!

whereuhi j u!1 represent the gravitational wave, andh i j are
the metric tensor elements of flat space-time,

h0051, h i i 521 ~ i 51,2,3!, h i j 50 ~ iÞ j !.
~2!

In this case, we can derive from Einstein’s equation
following nonlinear wave equation:

h2hik522kSi j 12Rik
(3) , ~3!
©2003 The American Physical Society25-1
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where k5(8p/c2)G, G is the gravitational constant, an
h2 is the d’Alembert operator in the usual form,

h25] j] j5h i j ] i] j , ~4!

where we use] i[]/]xi . The nonlinear termRik
(3) contains

third order nonlinearities of the Ricci tensor. It can be expl
itly written as

Rik
(3)52

1

4
hnmhlp@~] jhmi1] ih

ml2]mhil !~]nhpk1]khpn

2]phkn!2~]khpi1] ihpk2]phik!] lhnp#. ~5!

Here we have neglected the second-order nonlinear te
Rik

(2)50, due to symmetry arguments@3#. In Eq. ~3! we have
also included the linear dispersion term associated with
matter distributionkSi j , whereSi j is related to the energy
momentum tensorTi j by

Si j 5Ti j 2
1

2
h i j T ~6!

where T5Ti
i is the trace. Obviously, the present physic

picture can be valid only if the matter distribution is so ten
ous that its influence on space-time curvature can be
glected.

III. LINEAR DISPERSION RELATION

Let us first consider the properties of a linear wav
propagating radially from a given point source. In order
discuss the dispersion properties of this wave we first c
sider the linearized wave equation

h2hik52kSi j , ~7!

and assume a plane wave solution of the form

hi j 5e i j A exp@ iqnxn#, ~8!

wherei 5A21, A is the amplitude,e i j is a unit polarization
tensor such thate i j* e i j 51, andqn are the components of th
four-wave-vector. If the scale of variation of the amplitudeA
is much larger than the typical wavelength, we can u
] jhik5 iq jhik , and write the linear wave equation as

h jnqjqnhik52kSik . ~9!

The perturbed energy-momentum tensor can be con
ered proportional to the local amplitude of the gravitation
wave:Sik5wikA, where the tensorwik depends on the prop
erties of the medium. We are then led to the linear dispers
relation

h jnqjqn5w, ~10!

where we have usedw52ke ik* wik . Particular examples o
w can be found in the literature. For instance, the cases
cold dust cloud@11# and of a magnetized plasma@12# are
well established and do not need to be explicitly given he
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This dispersion relation is valid for any low amplitud
gravitational wave propagating in flat space-time, in the pr
ence of a tenuous matter distribution, and assuming the s
wavelength approximation. In order to deal with spheric
waves it is appropriate to use a spherical coordinate sys
(r ,u,f), such that

x05ct, x15r , x25u, x35f. ~11!

For waves propagating in the radial direction we have
replace Eq.~7! by the following wave solution:

hik5e ik

a

r
exp~ iq0x01 iq1x1!5e ik

a

r
exp~ iqr 2 iVt !,

~12!

where a is the new amplitude,q5q1 and V52q0c. Be-
cause the nondiagonal componentsh ik, with iÞk, are equal
to zero, we can easily transform the dispersion relation~10!
into

S V2

c2
2q2D 5w~r ,u,f!, ~13!

where we have retained the possibility of a non-uniform d
tribution of matter. We can see that the matter distribut
can change the phase velocity of the gravitational wave,
cording to

v f5
V

c
5Ac21w.c1

w

2c2
. ~14!

For the group velocity, we have

v5
]V

]q
5

qc2

V S 11
1

2q

]w

]q D5cS 11
1

2q

]w

]q DA12wc2/V2.

~15!

It is clear that, even ifw is independent ofq, the presence
of a small amount of matter leads to a group velocity wa
dispersion. It is known from nonlinear optics that wave d
persion is an essential ingredient of self-phase modula
@9#. It is the absence of dispersion that eventually expla
the otherwise counter-intuitive result that self-phase modu
tion is absent for plane gravitational waves propagating
empty flat space-time@4#. The inclusion of matter is thus a
essential ingredient of the present study.

IV. NONLINEAR WAVE PROPAGATION

We can now examine the possibility of a given rad
wave, satisfying the above linear dispersion relation, int
acting with itself, due to the nonlinear contributions co
tained in the termRik

(3) . The nonlinear contributions ofSik

could equally be included, but for simplicity they are n
glected here. The existence of nonlinear wave coupling
plies that the wave amplitudea in Eq. ~12! can no longer be
a constant, and is replaced by a slowly varying function or
and t. This means that we now have
5-2
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] jhik5S iq j1
1

a
] jaDhik . ~16!

So we can write

h2hik.@2h jnqjqn1 ih jnqj ln a#hik . ~17!

Assuming that the above linear dispersion relation s
holds, we can cancel the first of these terms with the lin
contribution fromSik . We can write the second term as

ih jnqj]n52 iq] r2 i
V

c2
] t52 iqS ] r1

1

v
] tD ~18!

wherev5c2/v f is the group velocity.
In order to establish the nonlinear equation for the slow

varying amplitudea we now use an approximate expressi
for Rik

(3) , where only the terms oscillating at the frequency
the waveV are retained

Rik
(3).

1

2 S V2

c2
2q2D uau2

r 2

a

r
exp~ iqr 2 iVt !. ~19!

In deriving this expression we have added to the solut
~12! its complex conjugate, in order to adequately describ
real wave packet. For a given line of sight between
source atr .0 and the eventual observer at a finite distan
r, we can use Eq.~13! with fixed values ofu andf. Substi-
tuting in the nonlinear wave equation~3! we obtain

iqS ] r1
1

v
] tDa5w~r !

uau2

r 3
a. ~20!

This nonlinear equation for the slow wave amplitu
clearly shows that the nonlinear effects disappear in the
sence of matter,w(r )50, as noticed previously@4#. Let us
make a variable transformation from the pair (r ,t) to (z,t),
where we definez5r 2vt and t5t. We have then] r5]z
and ] t5]t2v]z . Replacing this in the above equation, w
get

]t a52 i
w~z,t!

q
v

uau2

r 2~z,t!
a. ~21!

This equation is satisfied by a solution of the from

a~z,t!5a~z!exp@ if~z,t!# ~22!

with the phase function determined by

f~z,t!5f02 E t w~z,t8!

q
v

uau2

r 2~z,t8!
dt8. ~23!

This solution represents a gravitational wave pac
propagating spherically with a nearly constant envelopea(z)
and a variable nonlinear phase. The wave frequency s
DV will be given by the derivative of this phase with respe
to the time variablet @10#. Neglecting the small variation o
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the distancer (z,t) and the matter distributionw(z,t) inside
the wave packet envelope, this means thatDV will be essen-
tially due to the variation of the energy distributionua(z)u2

with respect to time. But this envelope is a function of on
z5r 2vt and we can use

] tua~z!u252v]zua~z!u2. ~24!

We can then state that

DV~t!52v]zf~z,t!. ~25!

Noting that, for short wave packets, the variation of t
matter dispersion termw(z,t) and distance with respect t
the sourcer (z,t) are negligible; we replace them in the e
pression of the phase by their central valuesw(t)5w(z
50,t) andr (t)5r (z50,t). This leads to the following ex-
pression of the frequency shift occurring inside the wa
packet envelope:

DV~t!5 E t w~t8!

q

v2

r 2~t8!
]zua~z!u2dt8. ~26!

Here we notice that the distance traveled by the wa
packet can be written asr (t)5 *t v(t8)dt8.ct. Neglect-
ing the possible slow change in the shape of the envel
over distance, we can finally write the above expression

DV~t!.
1

q
]zua~z!u2 E

0

t w~t8!

t82
dt8. ~27!

In order to understand the physical meaning of this res
let us consider the simple case of a uniform distribution
matter along the entire line of sight. We can usew(t).w0
5const, and get for the frequency shift, after a distancr
.ct traveled by the wave packet

DV~r !.2
c

q
w0]zuA~z!u2r , ~28!

where we have used the local spherical wave amplit
A(z)5a(z)/r , observed at a distancer from the source. This
linear dependence of the frequency shift with time, or w
the traveled distance, was found previously for linear pro
gation@3# and is well known from nonlinear optics@9#. Here,
however, the frequency shift is proportional to the square
the local amplitude, which means that this effect can be s
nificant only if it occurs over short distances, not far aw
from the emitter. This feature is specific to spherical wav
propagating in uniform media.

Another interesting case is that of a non-uniform mat
distribution where the wave packet propagates across a
cession of N localized clouds, at distancesr i ~with i
51, . . . ,N) from the source, and widthsDr i!r i . We can
then transform Eq.~27! in

DV~r !.2
c

q (
i

wi]zuAi~z!u2Dr i ~29!
5-3



b
al
t
e

a

u

hi

s
Fo
te

l

d
o

to
he
o
s
ke

al
nce
hort
ime

as
ich

cur.
n
the

due
ve

a-
du-
m
son,
to

not
the

elf-
on
s.
is

ause
ay

di-
nce

so
ro-
me
e
her
the

re.
gy-
r-
of

rk.
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where the local envelope amplitudes are determined
Ai(z)5a(z)/r i . Again, the strongest contribution to the tot
frequency shift will result from the clouds located nearest
the source, supposing that they all have similar matter d
sities.

Let us assume that the source emits a gravitational w
packet withn cycles. Its width will bedz.2pn/q, and the
maximum frequency shift associated with the closest clo
( i 51) will be of the order of

DVmax.
c

q
w1

uA1~z50!u2

dz
Dr 1 . ~30!

We can also writew15(V/c)2a, wherea!1 is a small
dimensionless factor. Noting thatV.qc, this allows us to
establish the necessary condition for a large frequency s
leading to a significant spectral energy dilution, asDV
>V, or equivalently

auA1u2
Dr 1

dz
5

a

2pn
uA1u2~qDr 1!>1. ~31!

Notice here that (qDr 1/2p) is the number of wavelength
over the cloud width. This can be a very large number.
instance, consider gravitational radiation coming from a s
lar mass black hole with massM510M ( . The characteristic
frequency of such black holes~the so called quasinorma
frequencies! is ;1 kHz @13#. Consider now the situation in
which the width isDr 151023 pc, a dense enough clou
(a;1023), a short pulse (n,10) and the optimal scenari
of a close enough source (uA1u;1024). We would getDV
>V;1025. This is a very small number, and it seems
rule out, for the moment, the immediate interest of such p
nomena. However, the effect is there, and the present w
confirms, on more solid grounds, the suggestion previou
made @3# that self-phase modulation could eventually ta
place.
08402
y

o
n-

ve

d

ft,

r
l-

-
rk
ly

V. CONCLUSIONS

Nonlinear wave propagation of spherical gravitation
waves was considered in this work. The possible occurre
of self-phase modulation was discussed. The case of s
wave packets emitted from a point source in flat space-t
was examined, where a tenuous distribution of matter w
retained in order to guarantee linear wave dispersion, wh
is a necessary condition for self-phase modulation to oc
An explicit criterion for a significant spectral energy dilutio
due to self-phase modulation was established. It leads to
conclusion that the occurrence of self-phase modulation
to matter distribution very close to the gravitational wa
source is plausible.

In contrast with what could occur with plane wave prop
gation, for spherical waves the contributions of phase mo
lation over distance decay very rapidly with distance fro
the source, due to wave amplitude decrease. For this rea
self-phase modulation is dominantly occurring very close
the emitter. It is important to note that our equations are
valid in the near zone of wave emission simply because
field is not weak there. Still, close to the source,and far
away from the near zone, our formalism applies, and s
phase modulation may play an important role, depending
the strength of the source and the frequency of the wave

Also notice that the region where this effect takes place
not necessarily the region where it can be observed, bec
the expanded wave spectrum will then propagate far aw
without further changes.

The efficiency of the self-phase modulation process is
rectly dependent on wave dispersion, which is a conseque
of matter distribution. Curvature of space-time would al
contribute to wave dispersion and would enhance the p
cess. If, instead of spherical wave emission we have so
kind of directionality, the wave amplitude decay will b
smaller and phase modulation will also increase. Anot
source of nonlinearity is the energy-momentum tensor, or
matter distribution itself, which was not retained he
Space-time curvature, directionality effects and ener
momentum nonlinearities will eventually lead to more favo
able criteria for the occurrence of self-phase modulation
gravitational waves, and will be considered in a future wo
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