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Self-phase modulation of spherical gravitational waves
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Self-phase modulation of spherical gravitational wave packets propagating in a flat space-time in the pres-
ence of a tenuous distribution of matter is considered. Analogies with respect to similar effects in nonlinear
optics are explored. Self-phase modulation of waves emitted from a single source can eventually lead to an
efficient energy dilution of the gravitational wave energy over an increasingly large spectral range. An explicit
criterion for the occurrence of a significant spectral energy dilution is established.
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I. INTRODUCTION In this work, we return to the problem of parallel wave
interactions. We will focus on self-phase modulation of
It is well known that Einstein’s equation describing gravi- spherical waves emitted by isolated sources. For simplicity,
tational waves is strongly nonline@t,2]. Nonlinear wave Wwe will consider a flat space-time, filled with a tenuous dis-
processes similar to those observed in optics can then evefibution of matter(interstellar medium, dust clouds, etc.
tually occur. Recently, the possible occurrence of self-phaséhe matter distribution will guarantee the existence of wave
modulation, harmonic generation and nonlinear wave mixinglispersion, which is an important ingredient of self-phase
was consideref3,4]. modu!atlo_n in nor_1I|near. optic9,10]. The no_nlmeay wave
This is an important issue in two different respects. First&duation is established in Sec. II, and the dispersion proper-
from a theoretical point of view it is important to explore and fiés of linear waves are discussed in Sec. Ill. Nonlinear evo-
understand the similarities and differences between gravitdution of a spherical gravitational wave packet is studied in
tional wave phenomena and well known effects in nonlineaS€c- IV, where a necessary criterion for the occurrence of a
optics that have been tested in the laboratory. Second, and fi{gnificant amount of self-phase modulation is established.
more practical terms, it is important for the possible detecFinally, in Sec. V we state the conclusions.
tion of gravitational waves. Detectors have been designed
and built under the assumption that the frequency spectrum II. NONLINEAR WAVE EQUATION
of gravitational waves emitted by astronomical objects is

conserved, and that the wave intensities decrease as the in- We c.onS|der.propagat|on c_:f small amplitude gravitational
verse of the square of the distance. However, nonlinear pr yyaves, in a region of space-time where we have °’?'y avery
) ' qﬁznuous distribution of matter, characteristic of the interstel-

cesses can eventually lead to spectral energy dilution suqll " odium. We can then. in a first approximation. nealect
that the energy density received within the detectable fre- ' ' bp » neg

guency bandwidth is significantly decreased. Other processérs:ﬁatﬂarcé(%onug?ofﬂg fﬁévsvt;'\rg gg:ﬁtzrlsamp\?vrirﬁﬂg?g? r|1ri]fi(?
eventually contributing to energy dilution could be the cou- 9 9

. : , cantly influence the nonlinear process.
ling with plasma wavef5] and with photong6,7]. o i
P Fgor wavFv)as emitted frgﬂ a single ;stronofﬁica]ll source, the We are considering a flat space-time, perturbed by a small

main nonlinear effects that can occur are self-phase modulffti-mpIItUde gravitational wave. This can be described by the

tion (for short pulses, of the order of a few cydlesd har- Mmetric tensor elements
monic cascade§for longer pulsep Attention was however e ok
: Jij 7]I]+hlji 1
called to the fact that, for parallel propagation, the strong
nonlinearities associated with empty and flat space-time eXvhere|h;;|<1 represent the gravitational wave, angl are
actly cancel each oth¢#]. The existence of such a negative the metric tensor elements of flat space-time,
result is apparently due to the absence of gravitational wave
dispersion. Only antiparallel wave configurations, which are  »o,=1,  7;=—1 (i=1,23), ;=0 (i#]).
not very relevant to waves emitted by single sources, can 2
eventually survivd8].
In this case, we can derive from Einstein’s equation the
following nonlinear wave equation:
*Electronic address: titomend@ist.utl.pt ) 3)
TElectronic address: vcardoso@fisica.ist.utl.pt O%hy = =25+ 2R, ()

0556-2821/2003/68)/08402%4)/$20.00 68 084025-1 ©2003 The American Physical Society



MENDONCA, et al. PHYSICAL REVIEW D 68, 084025 (2003

where k=(87/c?)G, G is the gravitational constant, and  This dispersion relation is valid for any low amplitude

(2 is the d’Alembert operator in the usual form, gravitational wave propagating in flat space-time, in the pres-
, . ence of a tenuous matter distribution, and assuming the short
O=d'd9;=n"d,9;, (49 wavelength approximation. In order to deal with spherical

B i . 3) ) waves it is appropriate to use a spherical coordinate system
where we use);=d/dx'. The nonlinear ternRj’ contains (r,6,¢), such that

third order nonlinearities of the Ricci tensor. It can be explic-
itly written as x%=ct, xi=r, x?=6, x3=¢. (11

For waves propagating in the radial direction we have to

1
(3)— _ = nmplp ) . hpml_ .
Rik 4" NWEL(9; i+ 3™ = Omin) (Inhpict dkhpn replace Eq(7) by the following wave solution:

_0 hk )—(&kh +&h k—& hk)(ﬂh ] (5) a a
P P oP P " hik=eik—ex;iiqoxo-l—iqlxl):eik—exp(iqr—iQt),
. r r

Here we have neglected the second-order nonlinear term, (12)
R(®=0, due to symmetry argumerf®3]. In Eq.(3) we have
also included the linear dispersion term associated with th@sherea is the new amplitudeg=q, and Q= —q,c. Be-
matter distributionkS;;, whereS; is related to the energy- cause the nondiagonal component§, with i #k, are equal

momentum tensof;; by to zero, we can easily transform the dispersion relatid
into
1
Si=Tij=5miT (6) 02
i (—2—q2)=w(r,0,¢), (13
where T=T, is the trace. Obviously, the present physical ¢

picture can be valid only if the matter distribution is so tenu-

ous that its influence on space-time curvature can be n where we have retained the possibility of a non-uniform dis-

E'tFibution of matter. We can see that the matter distribution

I . : -
glected can change the phase velocity of the gravitational wave, ac-
cording to
Ill. LINEAR DISPERSION RELATION
Let us first consider the properties of a linear wave, 05— W
propagating radially from a given point source. In order to vi= g T VeThw=Ct o (14)

discuss the dispersion properties of this wave we first con-

sider the linearized wave equation For the group velocity, we have
O%hye=— &Sy, (7) Q0 qc? 1 ow 1 ow

| J v=—=%( +2——)= ( +2——)\/1—WC2/QZ.
and assume a plane wave solution of the form 9q q dq qdq

(15
— H n

hij = €ijA exlidnx7], ® It is clear that, even ifv is independent ofj, the presence

of a small amount of matter leads to a group velocity wave

dispersion. It is known from nonlinear optics that wave dis-

persion is an essential ingredient of self-phase modulation

9]. It is the absence of dispersion that eventually explains

he otherwise counter-intuitive result that self-phase modula-

tion is absent for plane gravitational waves propagating in

(9)  empty flat space-timg4]. The inclusion of matter is thus an

essential ingredient of the present study.

The perturbed energy-momentum tensor can be consid-
ered proportional to the local amplitude of the gravitational IV. NONLINEAR WAVE PROPAGATION
wave:S;, =w; A, where the tensaw;, depends on the prop-

erties of the medium. We are then led to the linear dispersion e can now examine the possibility of a given radial
relation wave, satisfying the above linear dispersion relation, inter-

acting with itself, due to the nonlinear contributions con-
770, =w, (100  tained in the termR{>). The nonlinear contributions o
_ could equally be included, but for simplicity they are ne-
where we have used=2xe**w;, . Particular examples of glected here. The existence of nonlinear wave coupling im-
w can be found in the literature. For instance, the cases of glies that the wave amplitudein Eg. (12) can no longer be
cold dust cloud[11] and of a magnetized plasnia2] are  a constant, and is replaced by a slowly varying functiom of
well established and do not need to be explicitly given hereandt. This means that we now have

wherei = /-1, A is the amplitudeg;; is a unit polarization
tensor such thaeti’} €j=1, andq, are the components of the
four-wave-vector. If the scale of variation of the amplitusle
is much larger than the typical wavelength, we can us
d;hix=iqjhjc, and write the linear wave equation as

71"0; 00N = 2KSy .
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the distance (z,7) and the matter distributiow(z,7) inside
hig . (16)  the wave packet envelope, this means théX will be essen-
tially due to the variation of the energy distributi¢a(z)|?
So we can write with respect to time. But this envelope is a function of only
z=r—ut and we can use

. 1
ﬁjhik=(|qj+a(9]a

Dzhikz[_ﬂjnql'QnHﬁjan' Inajhj. (17) ) )
_ _ o o dla(2)|*=—vala(z)|*. (24)
Assuming that the above linear dispersion relation still
holds, we can cancel the first of these terms with the linear We can then state that

contribution fromS;,. We can write the second term as
AQ(7)=—vd,p(z,7). (25

1

drt 56%) (18 Noting that, for short wave packets, the variation of the
matter dispersion ternw(z,7) and distance with respect to
the source (z,7) are negligible; we replace them in the ex-

pression of the phase by their central valuegr)=w(z

=0,7) andr(7)=r(z=0,7). This leads to the following ex-

pression of the frequency shift occurring inside the wave

packet envelope:

i 7/ qjan:_lq&r_lg‘?t:_lq

wherev =c?/v; is the group velocity.

In order to establish the nonlinear equation for the slowly’
varying amplitudea we now use an approximate expression
for R, where only the terms oscillating at the frequency of
the wave() are retained

Tw(r') 02

102 |a|? a o :f 24 1
Ri(,f)zz(?—&)r—zFexmqr—lﬂt). (19) AQ(T) q rZ(T/)&Z|a(Z)| dr’. (26)

In deriving this expression we have added to the solution Here we notice that the distance traveled by the wave
(12) its complex conjugate, in order to adequately describe ®acket can be written ag(7)= ["v(7')d7’'=cr. Neglect-
real wave packet. For a given line of sight between thdng the possible slow change in the shape of the envelope
source ar =0 and the eventual observer at a finite distance?ver distance, we can finally write the above expression as

r, we can use Eq13) with fixed values off and ¢. Substi-

. . . . . 1 TW 7_/
tuting in the nonlinear wave equati¢8) we obtain AQ(D)= S aja(z)? f ( )dr’. 27
) q o 7'?
iq| d,+ 15 = 3 20
1l 7 vt a=w(r) r3 a 20 In order to understand the physical meaning of this result,

let us consider the simple case of a uniform distribution of
This nonlinear equation for the slow wave amplitude matter along the entire line of sight. We can wsér)=w,
clearly shows that the nonlinear effects disappear in the ab=const, and get for the frequency shift, after a distance
sence of matten(r)=0, as noticed previousli4]. Let us  =cr traveled by the wave packet
make a variable transformation from the pairt] to (z,7),

where we defing=r—vt and r=t. We have thery), =4, c
and d;=d,—vd,. Replacing this in the above equation, we AQ(r)=— aWO‘?Z|A(Z)|2r’ (28)
get
where we have used the local spherical wave amplitude
w(z,7) al? A(z)=a(z)/r, observed at a distancdrom the source. This
dra=—l— v 2(z.7) a. (21 Jinear dependence of the frequency shift with time, or with
' the traveled distance, was found previously for linear propa-
This equation is satisfied by a solution of the from gation[3] and is well known from nonlinear opti¢S]. Here,
however, the frequency shift is proportional to the square of
a(z,7)=a(z)exdi¢(z,7)] (22)  the local amplitude, which means that this effect can be sig-
nificant only if it occurs over short distances, not far away
with the phase function determined by from the emitter. This feature is specific to spherical waves
propagating in uniform media.
rw(z,7')  |al? ) Another interesting case is that of a non-uniform matter
d(Z,7)= o~ f q v r2(z,7) dr’. (23 distribution where the wave packet propagates across a suc-
' cession of N localized clouds, at distances (with i
This solution represents a gravitational wave packet=1:---N) from the source, and widthar;<r;. We can

propagating spherically with a nearly constant envelagg  then transform Eq(27) in

and a variable nonlinear phase. The wave frequency shift

AQ will be given by the derivative of this phase with respect AQ(r)=— EE W;d,| A(2)|2Ar, (29)
to the time variable [10]. Neglecting the small variation of qg '
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where the local envelope amplitudes are determined by V. CONCLUSIONS

Ai(z)=a(z)/r; . Again, the strongest contribution to the total  Noplinear wave propagation of spherical gravitational
frequency shift will result from the clouds located nearest toyayes was considered in this work. The possible occurrence
the source, supposing that they all have similar matter dersf self-phase modulation was discussed. The case of short
sities. wave packets emitted from a point source in flat space-time
Let us assume that the source emits a gravitational wav@as examined, where a tenuous distribution of matter was
packet withn cycles. Its width will beéz=2mn/q, and the retained in order to guarantee linear wave dispersion, which
maximum frequency shift associated with the closest clouds a necessary condition for self-phase modulation to occur.
(i=1) will be of the order of An explicit criterion for a significant spectral energy dilution
due to self-phase modulation was established. It leads to the
conclusion that the occurrence of self-phase modulation due
. (30 to matter distribution very close to the gravitational wave
oz source is plausible.
In contrast with what could occur with plane wave propa-
. _ 2 . ation, for spherical waves the contributions of phase modu-
_We can also writav, =(£2/c)"a, wherea<1 is a small %tion over gistance decay very rapidly with diFs)tance from
d|men§|onless factor. Noting .thﬂ:qc, this allows us to _the source, due to wave amplitude decrease. For this reason,
establish the necessary condition for a large frequency shifget nhase modulation is dominantly occurring very close to
leading to a significant spectral energy dilution, A8} he emitter. It is important to note that our equations are not
=(), or equivalently valid in the near zone of wave emission simply because the
field is not weak there. Still, close to the souread far
o away from the near zone, our formalism applies, and self-
—|Aq|%(qAr,)=1. (31 phase modulation may play an important role, depending on
2mn the strength of the source and the frequency of the waves.
Also notice that the region where this effect takes place is

Notice here thatqAr,/2w) is the number of wavelengths not necessarily the region where_it can be observed, because
over the cloud width. This can be a very large number. Fof'€ €xpanded wave spectrum will then propagate far away
instance, consider gravitational radiation coming from a steiWithout further changes. . o
lar mass black hole with masé=10M, . The characteristic 1€ €fficiency of the self-phase modulation process is di-
frequency of such black holeghe so called quasinormal rectly deper)de.nt on wave dispersion, which is a consequence
frequenciesis —1 kHz [13]. Consider now the situation in of matter d|str|but|on: Curv_ature of space-time would also

. s "3 contribute to wave dispersion and would enhance the pro-
which Ehse width isAr,=10"" pc, a dense enough cloud cegg. if, instead of spherical wave emission we have some
(a~10"%), a short pulser{<10) %r“ld the optimal scenario king of directionality, the wave amplitude decay will be
of a close enough sourcgAy|~10"*). We would getAQ  gmaller and phase modulation will also increase. Another
=(~10"°. This is a very small number, and it seems tosource of nonlinearity is the energy-momentum tensor, or the
rule out, for the moment, the immediate interest of such phematter distribution itself, which was not retained here.
nomena. However, the effect is there, and the present worBpace-time curvature, directionality effects and energy-
confirms, on more solid grounds, the suggestion previouslynomentum nonlinearities will eventually lead to more favor-
made[3] that self-phase modulation could eventually takeable criteria for the occurrence of self-phase modulation of
place. gravitational waves, and will be considered in a future work.

c |A(z=0)|?
AQmaX:aW1—| (2208,

Arq
a|A1|2_:
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